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This file contains the exercises for the tutorials. Thanks to Victor Roca i Lucio and Pedro Tamaroff for
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Exercices

1.

10.

11.

Let I = (0, 1). Prove that Conf,(r) is homeomorphicto Z,. X A", where A” =
{t e YI_ot; = 1}.
(Hint: draw a picture!)
Prove that Confgn(2) is homeomorphicto S™*™1 x Ry X R™.
(Hint: think "angle, radius, center".)
(Fadell-Neuwirth fibrations.) Given a manifold M, consider the map 7;: Confy, (r) -
M, 4 (xl, . xr) = x, that forgets everything but the first point.
a) Whatis the fiber F; = n‘l({xo}) (for some fixed x,) of ?
b) Let (yl, ...,ym) € Confy, (m) be a fixed configuration withm > landletY = M \ {yl, ...,ym}.
Prove that Confy () — Y is split, i.e., it is isomorphic to the product bundleY X F - Y.
c) Suppose that G is a Lie group and let x, € G. Show that there exists a group morphism 6: G —
Homeo(G) such that 8(x)(x) = x, and H(xo)(x) =xforallx €G.
d) Useis to show that : Conf; () - G, (xl, ...,xr) = xq is split, i.e., it is isomorphic to the
product bundle G X E; — G.
e) To whatis Confs1(r) diffeomorphic?
f) Prove that Confgs (r) is diffeomorphic to S3 x Confps (r — 1).
Let A = S(V) be a free graded algebra on some graded vector space V = {V"},,5,. Prove that as an
algebra, there exists an isomorphism A = Q[V¢"*"] ® A(V°I4), where Veve" = @, V2k and V044" =
@k V2k+1.
Compute the ranks of the rational homotopy groups of S™.
(You can use the fact that if (S(V), d) is a minimal model of X, then the rank of 1, (X) is equal to
the dimension of V¥).
Recall that, as a ring, we have:
H*(CPT) = S(x)/x"*1 = Q(1,x,x2%, ...x7),
where degx = 2.
a) Is H*(CP") minimal? If not, find a minimal CDGA quasi-isomorphic to it.
b) Use that minimal CDGA to prove that CP" is a formal space.
Find the ranks of the rational homotopy groups m; (S™) and m; (CP™)
(Difference between real and rational models.) In Example 2.84, we defined (for a € Q):
A = (S(ez,x4,7,29),dge = 0,dgx = 0,d,y = x? + ae*, dyz = €5).
Prove that A, and Ag are quasi-isomorphic if and only if a/f is a square.
Prove that any element of H*(Confgn(r)) is a linear combination of terms of the form
Wi, jy o Wipjp With iy <o <l and iy < jy, ..., ik < ji-
Using the description of H*(ConfRn (r)) and the fact that this space is formal, find a minimal model of
Confgn(3), try to do the same for every r.
Use it to compute the ranks of the homotopy groups of Confgn (7).
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Reference for each exercise

[K] Example 2.1.2

[K] Example 2.1.3

Everything is found in the paper [FN].

[FOT] right after Definition 2.6.

[FOT] Example 2.43

[FOT] Example 2.44

Same examples as previous two. The proof that V™ has the rank of 1, (X) is Theorem 2.50 there.
[FOT] Example 2.38.

[1] Lemma 2.89 (the result is not due to me, of course!)
[1I] Theorem 2.103 (same comment)
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